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Abstract: Chemical reaction in Magma is very complex, because of several 
anionic and cationic substitutions of different size and charge in the magma and 
in this case, complex problems require complex solutions. This research was 
focused on bridging the gap between Bowen and Goldschmidt concepts 
concerning the problem of elemental substitution and distribution of chemical 
elements in rocks throughout the time of crystallization with mathematical 
foundation under thermodynamic change such as Calculus, comprises 
differentiation, Integration, Cauchy-Riemann equation, Laplace equation and 
Power series comprises Euler series and Taylor series were applied to predict 
major minerals encompass the olivine, pyroxene, amphibole, mica, and 
feldspar, and their associated rocks encompass granite, basalt, andesite, and 
trachyte and were applied to resolve the problems of rock forming minerals in 
magma. Findings have shown that, in mathematical context, Bowen’s and 
Goldschmidt rules were mathematically connected using the Mathematical 

formulae as;   , and     

 Finally the “mathematical connection” between 

Bowen’s and Goldschmidt concepts was used in this research for a concise 
explanation of rock forming minerals from the beginning to the end of 
crystallization and would help the ‘beginners’ especially students of Earth 
sciences such as Geology, Mineralogy, Petrology and other chemical sciences 
such as Chemistry. 
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Introduction  
 

Magma 𝔙  Calculus has been used to solve engineering and scientific problems, such as 
mechanical, electrical, Civil, physics, and chemistry, but not much has been done using calculus, 
to solve geological, mineralogical & petrologic problems. The reaction processes using Bowen’s 
and Goldschmidt rules were called Polymerization and Isomorphous (Krivyakina et al., 2023). 
Since all silicate minerals fall within the space of Pascal triangle, the formation of minerals from 
melt under thermodynamic condition obeys Cauchy’s definition of sequence throughout the time 
of crystallization and therefore all mineral have limiting values and are convergent at certain  
point from 𝛈 = n ⟶ p (ℰz⟶𝛈z) in a complex plane of magma (Harnett et al., 2019). Each of these 
magma domains of convergence represents a magma fraction from which crystal nucleation takes 
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place and the resultant crystallization is called fractionation and the sequences of the repeated 
fractions are called fractional crystallization. Therefore, Cauchy-Riemann conditions must be 
satisfied at each point Z  in each domain of magma 𝖂, such that Z, represents a point in which 

 are variable in  plane of Magma, 𝖁. Z is called a function of two variables  
has one definite value for every pair of values of values of  The variables 

 are called independednt variables, which Z, is called the dependent variable. Finally, the 
mathematical process, in which minerals , crystallized from the magma, 𝖁 and melted back into 
the homogeneous magma 𝖁 when heated is called CALCULUS in petrology and mineralogy that 
is differentiation and integration in magma 𝖁. Geochemistry and Petroleum Geology to have 
clear understanding of rock forming minerals from the Resident magma (𝕽) (Abd El-Fatah et al., 
2023); (De Souza et al., 2024); (Mourey & Shea, 2019) 

Bowen’s reaction principle, first propounded in 1928 by Norman Bowen, which explains how 
mineral can respond to changing equilibrium conditions when a magma is cooled, by either a 
continuous diffusing – controlled exchange of elements with the magma or discontinuous melting 
of the material. (Zubatyuk et al., 2021), (Racioppi et al., 2024), proposed his Classical general rules 
to explain the distribution of the elements, in which ions of similar size and charge substitute 
themselves. (Leung et al., 2023); (Sessa & Rahm, 2022), proposed the complementary use of the 
concept of electronegativity in order to understand the distributions of the chemical elements that 
could not be explained completely with the Goldschmidtian rules, especially when the minerals 
being investigated had high percentages of covalent bonding. (Sproul, 2020), proposed that the 
tree principal factors (ionic size, Ionics charge and electronegativity) be expressed in a single 
function that would not result in the dichotomous predictions. (Chen-Charpentier, 2024); 
(Murugesh et al., 2025), rules 2 and 3, that the site has a preferred radius of Ion (r) which eaters 
mostly easily, for ions of the same charge, those which are closest in radius to enter most easily, 
ions which are larger or smaller are discriminated against (Peters et al., 2020); (Lancellotti et al., 
2024).   

Accordind to Balogun Ometere Deborah, Oluwafemi Israel (Gutierrez-Navarro & Lopez-
Aguayo, 2018) who reviewed Adams-Bashforth method for numerical solution of first order 
ordinary differential equations and used it to solve first order ordinary differential equation for 
the field of physical science and Engineering especially the population growth. The Adams -
Bashforth methods were designed by John Couch Adams to solve a differential equation 
modelling capillary action due to Francis (Hetmaniok & Pleszczyński, 2022), and Adams’ 
numerical method3.0:   
 

Method 
 

Mathematical Methods 
Mathematical methods such as Calculus, comprises differentiation, Integration, Cauchy-

Riemann equation, Laplace equation and Power series comprises Euler series and Taylor series 
are applied to predict major minerals encompass the olivine, pyroxene, amphibole, mica, and 
feldspar, in their associated rocks encompass granite, basalt, andesite, and trachyte. These 
mathematical methods are also used to resolve the problem of elemental substitution and 
distribution of chemical elements in rock throughout the time of crystallization from the 
beginning to the end of crystallization.   
Given that; 
 

                                                                                                                                 

(1) 
Where Z0 is the silicate identity and  

                                             𝛈 =  (ionic spacies) 

‘𝛈’ is the strength of the magma 𝖂, which is the ratio of the silicate radical z- to that of cation x+ 
under electrolytic condition and ‘p’ is the recipient cation which depends on ‘𝛈’. 
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         Is the coefficient of rock forming minerals and it determines the number of outcomes of 

each mineral in the melt  
 

Result and Discussion 
 
Differentiation of major Rock Forming Minerals during crystallization under thermodynamic change  
         The General formula used in differentiating major rock forming minerals during 
crystallization of Magma  is shown in equation (1);  

 ……… (1) 

                       ……. (2) 
                          …… (3) 
                                Z = 𝝱 + 𝛼 

                                     

           All minerals especially silicate minerals have their derivatives in Pascal Triangle, with  
representing silicate identity which is mathematically represented as   
All the rock forming minerals to be derived from the melt,  are the : Olivine – Pyroxene 
series; Amphibole Series; Mica Series; Plagioclase series; Olivine series  

 .When you input the value of “𝛈” in the formula , then 

the derivatives of would be generated in the pascal triangle. Therefore when you 

input “2”; as ‘𝛈’, then the derivatives of olivine series would be generated in the Pascal triangle as 
(1, 2, 1) 
  
   
 
                           

                                   
                       ………… (4) 

                                )  

                

                               

                                    

               

              ……… (5) 

                 
Equation (5) above represents the derivatives of olivine series in Pascal triangle.  
Pyroxene Series  . 

When you input 2 in the formula  then the derivatives of olivine series would be 
generated as (1 2 1) in the Pascal triangle.  
 
 
 
 = 1  2  1  

                      

                          

                              

                

      

           

          ……… (6) 

Olivine Series 

 
1    2    1 Input 2 

 
1    2    1 

Input 2 
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Equation (6) above represents the derivatives of pyroxene series in Pascal triangle. 
 
Amphibole Series   

Input the values of “𝛈” in  then the derivatives of Amphibole series would 
be generated as  in the Pascal triangle. 
  
  
 

                     

 )  

            

)  

 
       
           

  

 
  ………… (7) 

 Kupfferite + (Magnesio-Anthophyllite) + (Anthophyllite) + (cummingtonite+ Ferro-
cummingtonite) + (Grunerite) 
 Equation (7) above represents the derivatives of Amphibole series in Pascal triangle  
 

Mica Series  

Input the value of “𝛈” = 6, in  then the derivatives of Mica series would be generated 
as   in the Pascal Triangle. 
 
 
 
 

    

       

       

      

             

  

 . (8) 

Phlogopite) + (Magnesio-Biotite) + (Biotite) + (Ferro-Biotite) + (Lepidomelane) 
Equation (8) represents the derivatives of Mica series in Pascal Triangle.  
 
Representation and Arrangement of Minerals in Pascal triangle according to Cauchy’s definition of 
Sequence with respect to thermodynamic conditions. 
 Pascal tringle is an arrangement of numbers in a triangular array such that the numbers at the 
end of each row are 1 and the remaining numbers are the sum of the nearest two numbers in the 
above row as shown in Figure (1) below. The concept is used widely in probability, combinatory, 
and algebra. Pascal’s triangle is used to find the likelihood of the outcome of the toss of a coin, 
coefficients of binomial expansions in probability.   
 

 
1,7,21,35,35,21,7,1 

Input 7 

 
1,6,15,20,15,6,1 

Input “,6,” 
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Figure 1.  Pascal Tringle showing an Arrangement of Numbers in a Triangular Array 

           
The Order of Crystallization and arrangement of Minerals under thermodynamic change   

can be represented in Pascal triangle using both the chemical formulas and their geologic names 
as shown in Figures (2) and (3) below. A: Pascal tringle Model representing Order of 
Crystallization and arrangement of Minerals under thermodynamic change using their chemical 
formulas as shown in Figure (2) below. 
 
Pyroxene Series  

                
Olivine series    

  

Mica Series  

 

. 
Amphibole Series  

           

 
 

Integration in Magma,  
       Integration in Magma 𝔙  is the melting of the original rocks to form magmas of different 
origin  and then into one homogenous parent magma 𝖁 as shown in Equation (9) 

                  

                  …… (9) 

                         =  … (10) 

 
Coincidently, using Cauchy-Riemann conditions, we have  
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Equation (10) is called Cauchy-Riemann integral equation in magma, . 
 

Integration of the major Rock forming minerals  in Magma   
The ma jor rock forming minerals especially the mafic series, considered are : Olivine; Pyroxene; 
Amphibole; Mica – Black & white micas. The integral values of Cauchy-Riemann equations are 
well applied in this case 
 

 
Figure 2. Pascal tringle Model representing Order of Crystallization and arrangement of Minerals under 

thermodynamic change using their chemical formulas. 

 
Integration of Olivine, for 𝛈 = 2 

Integrate   using Cauchy-Riemann integral equation; 

           
Since,  
                 = ⍵ 
Then; 

                            
                                 
                             
                    =  

               

       

    } p ……… (11) 
   

              
   
   ………… (12) 
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                = pyroxene identity 

 ………….. (13) 

      
 
Integration of Mica, for 𝛈 = 6 

                 = }m 

Integrate   using Cauchy-Riemann integral equation;   

  …….. (14) 

 )  
Since,  
                 = ⍵ 

              ⍵ =  

              
             
     =   

 { } 

 {  

For Amphibole; 

                           
        
       
  
… (468) 

  =  
Given that, 

                      
                      
                   
 

 ………… (15) 
Since (  is Amphibole group or series.  
Then; 

        (  

  
       ………. (472) 
        Amphibole  

  
  
 ). (473)  

   ………………. (16) 

  = Mica 
                    = Amphibole 

  
  The integral value of Mica in the magma, gives the Amphibole and the differential value of 
Amphibole would give Mica as shown in equation (17) above. 
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Figure 3.  Pascal tringle Model representing Order of Crystallization and arrangement of Minerals under 

thermodynamic change using their Geologic names 
 

Intepretation of Result 
The first Bowen’s index number is Forsterite of olivine, with Bowen’s Index number 1(one) in 

the Bowen’s series. ‘Forsterite ‘under thermodynamic change, would undergo ionic substitution in 
the Goldschmidt space to form fayalite as the last end member of olivine in the olivine series. Both 
Forsterite, wholly magnesium rich olivine and Fayalite, wholly iron rich olivine are formed within 
the olivine series with Bowen’s index number 1(one) as shown in   Figure (4) below.  

 

 
Figure 4. Mathematical Computations of Rocks in Bowen’s and Goldschmidt Combined Model 

 
 
 
The second Bowen’s index number is Enstatite of pyroxene with Bowen’s Index number 

2(Two) in the Bowen’s reaction series and the ‘Enstatite’ under thermodynamic change, would 
undergo ionic substitution in the Goldschmidt space to form Ferrosilte as the end member of 
pyroxene in the pyroxene series. Both Enstatite, wholly magnesium rich pyroxene and Ferrosilite, 
wholly iron rich pyroxene are formed within the pyroxene series with Bowen’s index number 
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2(two) as shown Figure (4) below. The third Bowen’s index number is ‘Kupfferite’ of amphibole 
with Bowen’s Index number 3(Three) in the Bowen’s reaction series and the ‘Kupfferite’ under 
thermodynamic change, would undergo ionic substitution in the Goldschmidt space to form 
Grunerite as the end member of amphibole in the amphibole series. Both Kupfferite, wholly 
magnesium rich amphibole and Grunerite, wholly iron rich amphibole are formed within the 
amphibole series with Bowen’s index number 3(three) as shown in Figure (4) below. The Fourth 
Bowen’s index number is ‘Phlogopite’ of mica with Bowen’s Index number 4(Four) in the Bowen’s 
reaction series and the ‘Phlogopite’ under thermodynamic change, would undergo ionic 
substitution in the Goldschmidt space to form Lepidomelane as the end member of mica in the mica 
series. Both Phlogopite, wholly magnesium rich mica and Lepidomelane, wholly iron rich mica are 
within the mica series. 
 
Application of Partial Differential Equations (PDEs) and Integral Calculus to Rock-Forming Minerals 

Partial Differential Equations (PDEs) and integral calculus are powerful mathematical tools 
for understanding various physical and chemical phenomena, including the study of rock-
forming minerals. Their application allows us to model and analyze complex processes occurring 
at the micro- to macroscale within rocks  (Zhang et al., 2017a); (M. J. Simpson et al., 2024). 
 
Applications of PDEs in Mineralogy and Petrology 

PDEs are used to describe how mineral properties change over time and space. Some of their 
main applications include (Tian et al., 2024); (M. Kang et al., 2025); (Bertozzi et al., 2025): 
 
Diffusion in Minerals 

The process of diffusion, the movement of atoms or ions through a mineral's crystal lattice, is 
crucial in petrology (Nixson et al., 2025); (Zhang et al., 2017b). PDEs, specifically the diffusion 
equation (Fick's Law), can be used to model the diffusion rates of specific elements within 
minerals. This helps understand the formation of zoning in minerals (changes in composition 
from the core to the rim), which can provide information about the thermal and pressure history 
of the rock. An example is the diffusion of cations in feldspar or pyroxene (Chakraborty & 
Dohmen, 2022); (B. Simpson et al., 2025); (Pelullo et al., 2022). 
 
Mineral Growth and Dissolution 

Crystal growth and mineral dissolution are dynamic processes that can be modeled using a 
PDE (Wu et al., 2024); (Rao et al., 2023); (Orosz et al., 2024). The equations describing the rate of 
growth or dissolution depend on the solute concentration surrounding the mineral and the 
thermodynamic conditions. This is relevant in the study of sedimentary rock diagenesis or 
metamorphism, where new minerals are formed or old minerals dissolve (Y. Kang et al., 2024). 
 
Heat Transfer in Rocks 

Temperature changes within a rock mass affect mineral stability and transformation. The 
heat equation (Fourier's Law), a type of PDE, is used to model heat conduction through minerals 
and rocks. This aids in reconstructing the cooling history of igneous or metamorphic rocks and in 
understanding the thermal gradients in the Earth's crust that affect mineral stability (Roberts et 
al., 2024); (Sun et al., 2021);(Travin et al., 2025). 
 
Rock and Mineral Deformation 

On a larger scale, PDEs can also be used to model the elastic and plastic deformation of rocks 
and minerals under stress (Cao et al., 2021). For example, the Navier-Stokes equations (although 
more commonly used for fluids, their principles can be adapted) or the elasticity equations are 
used in rock mechanics to understand how rocks respond to tectonic forces, which affect mineral 
orientation and rock structure (Dash et al., 2025). 
 
Applications of Integral Calculus in Mineralogy and Petrology 

Integral calculus, as opposed to differential calculus, allows us to sum up small effects that 
accumulate into a larger picture. In the context of rock-forming minerals, integrals are used to: 
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Calculating Mineral Volume and Mass 

Knowing the density of a mineral and the function that describes its three-dimensional 
shape, integral calculus can be used to calculate the volume and mass of a specific mineral in a 
rock. This is important for modal rock analysis (the proportions of different minerals) and 
determining the bulk density of a rock (Zahratun et al., 2024); (Amosu & Sun, 2018); (Julianti et al., 
2022). 
 
Determining Average Concentration 

If the concentration of an element varies within a mineral (e.g., zoning), integrals can be used 
to calculate the average concentration of that element across the mineral. This is useful in 
determining the bulk composition of zoned minerals (Naderloo et al., 2023); (Terron-Almenara & 
Panthi, 2025). 
 
Isotope Analysis 

In geochronology and the study of geological processes, integrals are used to calculate the 
accumulation of radiogenic isotopes over time. The radioactive decay equation is a form of 
integral that allows the age of rocks and minerals to be determined based on the ratio of parent 
and daughter isotopes. 
 
Total Heat Flow Estimation 

By integrating the heat flux over a given area, we can estimate the total heat flow through a 
region of the Earth's crust. This is relevant for understanding regional thermal conditions that 
influence mineral formation and stability. 
 
Pressure and Temperature Reconstruction 

Some mineral parameters (such as the composition of garnet or biotite) depend on the 
pressure and temperature at which they formed. Integrals can be used in thermodynamic models 
to "integrate" these compositional changes back to the initial pressure and temperature conditions 
under which the mineral formed. 
 
Interactions and Synergies 

Often, PDEs and integral calculus are used synergistically. For example, after solving a PDE 
describing the rate of diffusion of elements in a mineral, integral calculus can be used to calculate 
the total amount of elements that have diffused over a given time period. Or, a model constructed 
with PDEs for crystal growth can be integrated to predict the final crystal size. Thus, the 
combined use of PDEs and integral calculus provides a powerful mathematical framework for 
investigating the dynamics, evolution, and physical-chemical properties of rock-forming 
minerals, unlocking deeper insights into the geological processes that shape our planet. 

 

 Contribution  
 

Temperature and time to establish relationships among essential rock-forming mineral, ionic 
charge and size to explain ionic substitutions in crystals (Diadochi)   and therefore, Under 
mathematical context such as Partial differential equation and Integral calculus as well as other 
mathematical principles such as Taylor series, and Euler series with the help of thermodynamic 
principles, a significant documented mathematical framework complementing the explanation of 
Bowen's reaction series, which encompasses the ISOMORPHOUS (solid solution) and 
POLYMERIZATION (fractional crystallization) reaction series has been propounded using the 
model as shown in the Figure (4) below; Both Bowen and Goldschmidt showed a mathematical 
connection using Partial differential equation and Integral calculus as well as other mathematical 
principles such as Taylor series, and Euler series with the  help of thermodynamic principles in 
their rules, proffering a complete mathematical explanation of rock-forming minerals and their 
crystallization processes using Partial differential equation and Integral calculus as well as 
mathematical methods such as Taylor series, and Euler series with the help of thermodynamic 
principles as shown in the combined model in Figure (4) below; This research achieved a holistic 
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understanding that bridged the gap between Bowen's and Goldschmidt's rules with a 
mathematical foundations such as Partial differential equation and Integral calculus. 
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